FROM HODGE TO HELMHOLTZ
Thomas Wieting
2010

1° Let M be a compact oriented Riemannian manifold without boundary. We shall show that,
under appropriate conditions on the de Rham Cohomology for M, the Theorem of Hodge implies
the Theorem of Helmholtz.

2°  Let n be the dimension of M. Let k be an integer for which 0 < k < n. Let a be a (k —1)-form
on M for which dov = 0 and let v be a (k + 1)-form on M for which dy = 0. With Helmholtz, we
contend that there exists a k-form 8 on M such that:

66 =a, df=n

To support the contention, we presume that the de Rham Cohomology for M is trivial at the levels
n—(k—1)and k+ 1.

3° Regarding uniqueness, we note that, for any k-forms 1 and f3 on M, if 661 = «, 662 = «,
dB1 = v, and df; =« then §(8; — B2) = 0 and d(1 — f2) = 0, so that 81 — B2 is harmonic. Moreover,
if 681 = @ and dB; =« and if B3 is harmonic then §(81 + f2) = a and d(B1 + B2) = 7.

4°  Under the stated presumption, let us prove the contention. To that end, we introduce k-forms
B and 3" on M such that:
o =a, dB" =1~

With Hodge, we introduce (k—1)-forms A" and A" on M, (k+1)-forms p' and " on M, and k-forms
w’ and w” on M such that:

5/ — d)\/—’—(S‘LL/‘f'W/, 6// — d>\1/+5u/l+w//
and such that w’ and w” are harmonic. Now let 3 be the k-form on M defined as follows:
6 — 5//{/// + dA/

We find that:
0 =0dN =60 =a, di=dop" =dp" =~



