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What is a Cayley-Sudoku Table?

First, what is a Cayley Table?

Definition

* Named after Arthur Cayley who wrote the first paper on
Group Theory

* Essentially an operation table of a group (think
multiplication table)
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Generically, consider the group G=1{1,«,§,...}
Its Cayley Table would look like this:

[1]a| B[ |
11| «a B
al al a® | ap
B |l B Ba| B
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Z9=11,2,3,4,5,6,7,8,9 = 0} with the operation +9

9+92=2 14+93=14 7+95=3
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9+92=2 1+93=4 7+95=3

© ~N oo wld ~ o
OO\]CDU‘I%OJN»—‘@Z
N~ ol N o||a@® wl|w
g s Wl = oo oo
© o Nl v k||w N~
W o e Nle o n]e
o v A||lw i~ o Nl
— © o o ks w@®
@ = o x[w e afju
N o Ul w N~ o o,




Constructing

Cayley-Sudok What is a Cayley-Sudoku Table?

Tables

Kady Hossner,
with help from
Dr. Michael
Ward

Formal Definition

A Cayley Sudoku Table is an arrangement of the Cayley table of
a group G with composite order |G| = nk that is comprised of
smaller n x k blocks each containing every group element
exactly once.

In our example we had |Zg| =9 = 3 x 3, so the blocks in our table
were 3 x 3.

However, the smaller blocks could be 4 x 6 or 12 x 35 or 2 x 208
depending on the group!
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Building Cayley-Sudoku Tables

Luckily we don’t have to guess at building a table!

Cosets:

Take any subgroup of G, Lets say the subgroup is H and some
specific element a of G.

Left Coset: aH :={ah|Vh e H}
Right Coset: Ha :={ha|lVh € H}

Conjugates:
For any g € G, we define HE (the conjugate) as

g 'xHxg:={g7'xhxg:heH)
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Building Cayley-Sudoku Tables

Complete Sets of Left (or Right) Cosets

ACS.L.CR. of H < Gisaset {x1, Xy, ..., x,} that satisfies
* Vx;=xj, x;H=xjH, and
* YyeG, yH = x; H for some x; in the set

Example:
Zqg can be broken up into 3 left cosets

<3>:=19,3,6}, 1+<3>:={1,4,7}and 2+ <3>:={2,5,8}

A CS.L.C.R. could be {9,4,2} or {3,7,2} but not {9,4,7}
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An Easy Way to Build a Table

We are finally ready!:

Construction 1: Let G be a finite group. Assume H is a subgroup of G
having order k and the number of distinct cosets is 7 (so that
|Gl=nk).lf Hg,,Hg»,..., Hg, are the n distinct right cosets of H in G,
then arranging the Cayley table of G with columns labeled by the
cosets Hg1, Hgy, ..., Hg, and the rows labeled by sets T3, 1>, ..., Tk (as
in the table) yields a Cayley-Sudoku table of G with blocks of
dimension n x k if and only if Ty, T», ..., T} partition G into complete
sets of left coset representatives of H in G.

| Hxg1 | Hxg | ... | H*gn




Example of Construction 1:

* Right Cosets: <3 >::-, <3>+1 ::-and
<3>+2;=[1258]
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Example of Construction 1:
* Right Cosets: <3 >:= -, <3>+1:= - and
<3>+2;=[1258]

* CS.L.CR.: {19,112}, (3,145} and (6,7, |8
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* Right Cosets: <3 >:= -, <3>+1:= - and
<3>+2;=[1258]
* CSLCR:{9,1,2),(8,4,5and {6,718}
|9 361 47258
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Some things to note about Construction 1:
* |G| must be composite
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Some things to note about Construction 1:
* |G| must be composite

* Any composite group can be made into a Cayley-Sudoku
Table
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An Easy Way to Build a Table

Some things to note about Construction 1:
* |G| must be composite
* Any composite group can be made into a Cayley-Sudoku
Table

* In our example Right and Left Cosets were the same (i.e.
the subgroup was normal), but they don’'t have to be
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A Not-So-Easy Way to Build a Table

Construction 2: Assume H is a subgroup of G having order k

and index n. Also suppose 11 H, o H, ..., t;, H are the distinct left
cosets of H in G. Arranging the Cayley table of G with columns
labeled by the cosets t1 H, t2 H, ..., t, H and the rows by sets

Ly, Ly,..., Ly yields a Cayley Sudoku table of G with blocks of
dimension n x k if and only if L;, L, ..., Li are complete sets of
left coset representatives of H8 forall g € G.

| 0nH | pH| ... | t,H |

L
L,

Ly
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An Example
Consider the Group S3 and the Subgroup H = {¢, (12)}
Left Cosets of H:

* (12)H=1{(12)e,(12)(12)} ={¢,(12)} = eH
* (13)H =1{(13)¢,(13)(12))} = {(13),e} = (123)H
* (23)H ={(23)¢,(23)12)} = {(23),(132)} = (132) H
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Conjugates

* Hf=¢ 'He={¢, (12)}

o H12Y = (123)" H(123) = {(132)e(123), (132)(12)(123)} = {¢, (13)}
o HW ={¢,(32)}

o« H'? ={¢,12)} = H

o H@23 =g (13)} = H123

o HU32) = (g (32)} = HUY
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An Example

o TLeft Cosets of H®

* (12)H = {¢,(12)}
* (13)H = {(123), (13)}
* (23)H ={(23),(132)}
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An Example

o TLeft Cosets of H®

* (12)H = {¢,(12)}
* (13)H = {(123), (13)}

* (23)H =1{(23),(132)}
* Left Cosets of H12%
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e (12)H = {¢,(12)}
* (13)H ={(123),(13)}
o (23)H ={(23),(132)}
e Left Cosets of H123)
e (13)H"?) ={¢,(13)}
o (23)HU23 = {(23), (123)}
o (12)HU2Y ={(12),(132)}



Constructing

Cayley-Sudok A Not-So-Easy Way to Build a Table

Tables

Kady Hossner,
withhelprom AN Example
Dr. Michael
ard e Left Cosets of H®

e (12)H ={¢,(12)}
* (13)H ={(123),(13)}
o (23)H ={(23),(132)}
e Left Cosets of H123)
e (13)H"?) ={¢,(13)}
o (23)HU23 = {(23), (123)}
o (12)HU2Y ={(12),(132)}
e Left Cosets of H1%
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e (12)H = {¢,(12)}
* (13)H ={(123),(13)}
e (23)H ={(23),(132)}
e Left Cosets of H(129
o (13)H"? = {¢,(13)}
o (23)HU23 = {(23), (123)}
o (12)HU2Y ={(12),(132)}
e Left Cosets of H!®
o (23)H") = (¢, (23)}
e (12)H"® ={(12), (123)}
o (13)H"® ={(13), (132)}
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A Not-So-Easy Way to Build a Table

An Example

e Left Cosets of H®
e (12)H =1{¢,(12)}
e (13)H ={(123),(13)}
e (23)H ={(23),(132)}
e Left Cosets of H(129
e (13)H"?) ={¢,(13)}
o (23)HU23 = {(23), (123)}
o (12)HU2Y ={(12),(132)}
e Left Cosets of H!®
o (23)H") = (¢, (23)}
e (12)H"® ={(12), (123)}
e (13)H ={(13), (132)}
* According to our definition, our row blocks will be labeled
by a C.S.L.C.R.
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e (12)H =1{¢,(12)}

e (13)H ={(123),(13)}

e (23)H ={(23),(132)}
Left Cosets of H(129

e (13)H"?) ={¢,(13)}

o (23)HU23 = {(23), (123)}

o (12)HU2Y ={(12),(132)}
Left Cosets of H!¥

o (23)H") = (¢, (23)}

e (12)H"® ={(12), (123)}

e (13)H ={(13), (132)}
According to our definition, our row blocks will be labeled
by a C.S.L.C.R.

Our first block will be ¢, (123), (132)
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A Not-So-Easy Way to Build a Table

An Example

Left Cosets of H®

e (12)H =1{¢,(12)}

e (13)H ={(123),(13)}

e (23)H ={(23),(132)}
Left Cosets of H(129

e (13)H"?) ={¢,(13)}

o (23)HU23 = {(23), (123)}

o (12)HU2Y ={(12),(132)}
Left Cosets of H!¥

o (23)H") = (¢, (23)}

e (12)H"® ={(12), (123)}

e (13)H ={(13), (132)}
According to our definition, our row blocks will be labeled
by a C.S.L.C.R.

Our first block will be ¢, (123), (132)
Our second block will be (12), (13), (23)
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An Example

€ (12) | (123) (13) (23) (132)
£ £ (12) | (123) (13) (23) (132)
(123) | (123) (13) | (132) (23) (12) £
(132) | (132) (23) £ (12) (13) (123)
(12) (12) £ (23) (132) | (123) (13)
(13) (13) (123) | (12) £ (132) (23)
(23) (23) (132) | (13) (123) £ (12)




Some things to note about Construction 2:
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Some things to note about Construction 2:
* |G| must be composite
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A Not-So-Easy Way to Build a Table

Some things to note about Construction 2:
* |G| must be composite

* If the supgroup is normal, then Construction 2 is the same
as Construction 1
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Some things to note about Construction 2:
* |G| must be composite

* If the supgroup is normal, then Construction 2 is the same
as Construction 1

* Does not work with every group



Conditions for Construction 2

e When H is a normal subgroup of G, H* = H
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A Not-So-Easy Way to Build a Table

Conditions for Construction 2

* When H is a normal subgroup of G, H* = H
e WhenG:={th:teT, he Hl:=THand TnH=¢
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Conditions for Construction 2

* When H is a normal subgroup of G, H* = H
e WhenG:={th:teT, he Hl:=THand TnH=¢
* When G has exactly 2 conjugates



Constructing

Cayley-Sudok A Not-So-Easy Way to Build a Table

Tables

Kady Hossner,
with help from
Dr. Michael
Ward

Conditions for Construction 2
* When H is a normal subgroup of G, H* = H
e WhenG:={th:teT, he Hl:=THand TnH=¢
* When G has exactly 2 conjugates

* Maybe more?



Constructing
Cayley-Sudoku
Tables

Kady Hossner,
with help from
Dr. Michael
Ward

Using Loops to Build Cayley-Sudoku Tables

Definition
A Loop is a set L with an operation * s.t.
* % has an identity in L
* VYa,be Lthe equations:
a*x=band
y*a=>b
have unique Solutions

Every group is a Loop, but not vice-versa
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Using Loops to Build Cayley-Sudoku Tables

Assume L with x is a Loop.

Fix x € L and define A, : L — L as:
Ax(W=x%xy,VyelL

A={Ay : xelL}

G =< A > (smallest subgroup of S;) containing A)

G, :={a e G : a(e) =&} called "stabilizer of e"
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Taking G and G, we satisfy the conditions of a 1939 R. Baer’s
Theory for Loops:

R. Baer Loop Theory

Let G be a group, H a subgroup of G, a C.S.L.C.R. {x1, x, ..., X¢} of
H in G satisfies the condition VxH, yH € G/ H and 3!x;

s.t. x;xH = yH if and only if {x1, xo, ..., x¢} is a C.S.L.C.R. of H8
VgeQG.
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Using Loops to Build Cayley-Sudoku Tables

So does this give a new condition where Construction 2 works?
Maybe
It has the potential to



* We can see from R. Baer’s Theorem that building
Cayley-Sudoku tables has its roots in Loop Theory.
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Concluding Remarks

* We can see from R. Baer’s Theorem that building
Cayley-Sudoku tables has its roots in Loop Theory.

* When solving Sudoku Tables, it can help to look for a group
identity
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* We can see from R. Baer’s Theorem that building
Cayley-Sudoku tables has its roots in Loop Theory.

* When solving Sudoku Tables, it can help to look for a group
identity

e Most Sudoku Tables are not Zq tables



Questions?
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Concluding Remarks
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