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Homogeneous Coordinates

P" = {lines in A"}

Conics
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We name ¢ € P", with any p € /.

Equivalence relation on A"\ {0}
p~ Apfor e k\ {0}

P = (A™1\{0}) / ~
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Standard open cover

Definition

U=U, = {(X,---,Xn) €P":x #0}

Conics
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Z(x;)°
Charts
¢i: Uy — A"
(X0, Xn) = (i 5)

inverse iz A"

(X1, sXn) — (Xq,...,1,...,Xn)

l
&
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P" is a manifold with atlas {(U;, ¢i)}7-
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Projective closure

XCA" c P
(X1,...,Xn) — (1,X1,...,%n)

Duality
0o

Conics
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X = smallest proj. alg. set of P” containing X

I(X) =7
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The homogenization of f € k[xq, ..., Xp] with respect to xg is

f
1 = x3° L, ..., 2).

Conics
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Example
If f(x,y) = x® —2x3y + y + 2, then

2159 = (97 -2(° (%) +2)

= x222 - 2x3y + yz® + 22%.
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Definition

The homogenization of an ideal | C Kk[xq, ..., xs] with respect

to xp is

"= (f":fel) Cklx,..., X
HW
I(X) = 1(X)"
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Example

000800 0000

X=2Z(y-x%, X=2Z(yz-x?

Example

twisted cubic

C=2(y

—x%,z-x%), C=2Z(wy —x?,zw — xy, y? — xz).

Caution

X=2Z(f,.. . ,fn) # X=2Z(P . . M.
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The finite part of a projective algebraic set

Y =2Z(J)CP", J C K[xo,...,Xn], homogeneous

Choose some std. open set, say Uy C P".
The finite part of Y'is
Ye=UnYclU ~ A"

Goreooyn) (L, 20)

Conics
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Joo= (F(1,x1,....x0) : f€J)

UnY = Z(J)
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One-to-one correspondence

affine algebraic sets in A" not equal to A"

!

projective algebraic sets in P”
with no component contained in or containing {xo = 0}

I
~<

Conics
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Points at oo

XCA" c P
(Xt,...,Xn) — (1,X1,...,Xn)

Conics
0000

Definition
The points at oo on X are the points

X\ X =XN2Z(x).
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Examples
X X X\ X 00
y — x? zy — x° z=x2=0 (0,1,0)
xy —1 xy — 22 z=xy=0 E;:?:g;
X2y 1| x4 y2—2 | z=x21y2—0 8771/:8;

HW
A plane conic is a circle iff it passes through the circular points
at co: (1,1,0), (1,1,0).
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Changing coordinates

To see a point at infinity p on an alg. set X:

@ Choose i such that p; # 0, i.e., such that p € U,.

@ Set x; = 1 in the equations defining X.

Example

X=2Z(y—-x?, X=2Z(zy-x?
p=(0,1,0) € Uy

XNUy = Z(z - x?).
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Homogeneous coordinates
o]

Example
X=Z(x*+y?—1), X=2Z(x®+y?- 2%

p:(il,170)€ Uy

XNUy ~Z(x2+1- 2?2
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Duality
Definition

hyperplane in P":
H=Z(apxo +---+ anxn), notall g =0.

The set of all hyperplanes in P" is called the dual projective
space, denoted (P")*.

Conics
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One-to-one correspondence

P~ (P7)
p=(a,...,an) <« Hp=2Z(aX + -+ anxn)




Example of duality

Two distinct points determine a unique line in P2,

Two distinct lines determine a unique point in P2,

Proof.
Points (ag, a1, a2), (bg, by, bo) lie on line cox + ¢y + coz = 0 iff

d a a
(Co,C1,Cg) € ker( bo b1 bg )

Dually, lines agx + a1y + a»z = 0, bgx + b1y + bz = 0 contain
point (¢, C1, Co) iff

d a1 ao
(007 C1,Cg) € ker( bO b1 b2 >

In either case, the kernel has dimension 1. O
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. . PZ
conic in

C = Z(apx® + aixy + apxz + asy® + asyz + asz°)

not all a; = 0.

Conics
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One-to-one correspondence

P> ~ {conics in P?}
(ag,...,as) — Z(apx@+---+ asz?)
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Fix p= (p07p17p2) € Pz'

General conic: agx? + axy + apxz + azy? + asyz + asz°.
conics passing through p

{(ao,...,as) € P°:
aop(z) + a1PoP1 + @2pPoP2 + 33p12 + aspipo + a5p§ = o}
hyperplane Hy with coefficients

g = (b5, PoP1, Pop2, P, P1P2, P3).

Conics
0e00
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Veronese embedding

1/2:]P2 — P

(x,y,2) — (X3, xy,xz,y? yz,2°)

{conics through p € P2} = H,, () € (P°)*

Duality
oo

Conics
00eo
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Conics tangentto x =0

f(X,y,2) = aoX®+ aixy + apxz + azy® + asyz + asz> = 0
x =0

f(0,y,2) = agy® + asyz + asz® = 0

The conics tangent to the line x = 0 form the quadric
hypersurface
a5 —4azas =0

in P°.




	Homogeneous coordinates
	

	Standard open cover
	

	Projective closure
	

	Points at 
	

	Duality
	

	Conics
	


