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Abstract

In 1961, Fisher, and Temperley [11], and Kasteleyn [4], independently provided a
formula for the number of possible tilings of a 2m x n checkerboard with 1 x 2
dominos. An essential step in typical proofs of this formula involves computing the
eigenvalues of a matrix associated with the checkerboard. This thesis extends Chen’s
undergraduate thesis [3], which investigated combinatorial strategies for a potential
proof of Kasteleyn’s formula involving complex-weighted pseudo-tilings. A main result
of this thesis is to find a relation between these weights and Chebyshev polynomials
of the third kind.






Introduction

A tiling of a region is a collection of tiles that covers the entire region without any
overlap. There are many questions to ask: for example, given a region and a set of
tiles, does a tiling of the region exist? If so, what is the number of different tilings
of the region? Such problems are broadly referred to as tiling problems. A good
overview of the subject is provided by [1].

This thesis is interested in domino tilings of a checkerboard. See Figure 1 for
an example. This topic has long been a research interest for physicists, since such
checkerboard tilings, also known as the dimer models, are solvable models that exhib-
ited certain types of phase transitions [5]. A well-known result is the number of ways
to tile a m x n checkerboard with 2 x 1 and 1 x 2 dominoes, discovered independently
by Kasteleyn [4] and by Fisher and Temperley [11] in 1961:

m n h %
HH(40032 <£>+4COS2( il )) .
il m+1 n+1

Kasteleyn later extended his enumeration of domino tilings to any bipartite planar

graph. A general reference including an extensive history is provided by [8].
Kasteleyn’s formula is the motivation of this thesis. Given Kasteleyn’s formula,

a standard idea (presented in Chapter 1) converts the problem into the calculation

Figure 1: A domino tiling of a 4 x 4 checkerboard.



2 Introduction

of the determinant of a matrix [9]. From this point of view, Kasteleyn’s formula is
the product of the eigenvalues of that matrix, thus the proof of it is mostly algebraic.
The undergraduate thesis of Chen [3] outlines a path to a possible alternative proof
of Kasteleyn’s formula in the 2m x 2n case.

Chen introduces the idea of pseudo-dominoes, which can be white or black, facing
any of the four directions: left, right, up or down. A pseudo-tiling is a collection
of pseudo-dominoes in every other square on the checkerboard, see Figure 2.1. Note
that in a pseudo-tiling, pseudo-dominoes can hang over the edge of the board and
overlap with each other. In Chapter 2, we talk about a subset of these pseudo-tilings
called proper pseudo-tilings, which has a bijection to the standard tilings.

Chen assigns weights to these pseudo-dominoes. The weight of a pseudo-tiling is
the product of all weights of pseudo-dominoes in it. The weight of a set of pseudo-
tilings is the sum of all weights of pseudo-tilings in it. By construction, the weight of
the set of all possible pseudo-tilings is the number of proper tilings, which is given by
Kasteleyn’s formula. Chen and Benjamin aim to give an independent combinatorial
proof that the weight of improper pseudo-tilings is 0, which would than provide a new
combinatorial proof of Kasteleyn’s formula. Chen succeeds in proving this result for
a special subset of 2 x 2n pseudo-tilings (see Proposition 2.2.8). This thesis extends
Chen’s result, see Chapter 4.

In Chapter 1, we revisit the original Kasteleyn’s Formula and give a standard
proof of the original theorem. It is also known that the number of 2 x n tilings is
the Fibonacci number. Chapter 1 also gives an algebraic proof that the Fibonacci
number is equivalent to Kasteleyn’s Formula in the 2 x n case. Though similar proofs
have been given before by Webb and Parberry [14] and by Sury [10], this thesis gives
a proof more in the flavor of Kasteleyn’s formula.

We start Chapter 2 by reversing what we do at the end of Chapter 1. Using the re-
cursion of Fibonacci polynomials, we give a combinatorial proof of Kasteleyn’s formula
in the 2 x n case. Then, we describe Chen and Benjamin’s idea for a possible com-
binatorial proof of Kasteleyn’s formula using pseudo-tilings with complex-weighted
pseudo-dominoes. Proposition 2.2.8 presents Chen’s result that the weight of a subset
of 2 x 2n improper pseudo-tilings is 0.

Removing those pseudo-tilings covered by Chen’s result leaves us a subset of 2 x 2n
pseudo-tilings. We write this set as a disjoint union of X, | |Y,, where X,, consists
of improper pseudo-tilings in the set and Y,, consists of proper ones. Each element
of Y,, has weight 1, and the elements of Y,, are in bijection with the complete set of
standard domino tilings of the 2 x 2n checkerboard. Thus, to complete Chen and
Benjamin’s program for the 2 x 2n case, we must give a combinatorial proof that the
weight of X, is 0. To that end, in Chapter 3, we form a partition X,, = ||, X,
where X, , is the set of elements in X,, having exactly h horizontal pseudo-dominoes.

A main result of the thesis is Theorem 3.1.1, which shows that the weight of X, ),
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is 0. The proof is mainly algebraic, using Chebyshev polynomials of the third kind,
Va(x). The connection between Chebyshev polynomials and Fibonacci numbers has
been well studied in [2]. The proof of Theorem 3.1.1 depends on the novel connection
between V() and the complex weights of pseudo-tilings. We find that V,,(z) and
their derivatives determine the generating function of the weights of pseudo-tilings
according to the number of white horizontal pseudo-dominoes. In Proposition 3.6.1,
by Taylor series expansion, we show that V;,(§ + 1) is the generating function of the
number of proper pseudo-tilings according to the number of vertical pseudo-dominoes.

In Section 3.4, we prove the number of standard 2 x 2n tilings with exactly 2h
horizontal dominoes is the binomial coefficient (2",; h). We do so in two ways, one
using a stars and bars method and another using a new bijection between Dyck paths
of a certain type and pseudo-tilings.

At the end of Chapter 3, we give an algebraic proof that the weight of X, 5, is 0.
Our ultimate goal, however, is to give an independent, more combinatorial proof of
this fact, in the spirit of the proof given by Chen in Proposition 2.2.8. In Chapter 4,
we succeed in the task for X,, 1, X, 2. We could not see how to extend those ideas to
the case of X, , for h > 2. However, we do present a new idea motivated by Nurul [13]
that handles the case X, ,.This idea might extend to give new proof of Kasteleyn’s
formula in the general 2m x n case.






Chapter 1

Kasteleyn’s Formula

1.1 Statement of Kasteleyn’s Theorem

In this chapter, we present a proof of Kasteleyn’s formula [4] for the number of tilings
in a checkerboard. Our proof is a variation of the ideas posted by Noam Elkies to the
rec.puzzles Google group.

Let C' be an m x n checkerboard. If C' can be tiled by 2 x 1 and 1 x 2 dominos,
then mn is an even number. Without loss of generality, we assume m is even. Define
d = mn/2. For integers h, v, define t(h,v) to be the number of tilings of C' with h
horizontal tiles and v vertical tiles, and consider the tiling generating function

Te(x,y) = Z t(h,v)xy".

h,v

Theorem 1.1.1 (Kasteleyn, 1961). Let C be an m x n checkerboard with m an even
number. Then the tiling generating function Tc(x,y) for C is,

m n 1
_ 2 2 vm 2 2 hm 4
TC(QJ,Z/) = H U (41' CcOos (m——H) + 4y~ cos (n—H)>
H?ﬂ H}?:l (4962 cos® (nﬁl) + 49/% cos? (%)), if n is even,
m n—1
2% 1122 11,2, <4:1:2 cos? <m”—jf1> + 4y? cos? <nh—L)>, if nis odd.

Example 1.1.2. Let C' be a 2 x 3 checkerboard. There are 3 ways to tile C":

]
3 xy xy

2 2
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The tiling generating function T¢(z,y) is

To(w,y) =Y t(h,v)a"y" = 2° + 2a9°,
hv

which agrees with the formula in Theorem 1.1.1, for the case when n = 3 is odd:

,_.

n—

H 422 cos® + 4y? cos? h—ﬂ
P m+1 n+1

y?)

m
T 2

To(x,

Tl

1
2

x(z® 4+ 5
=23+ 2:vy2.

Example 1.1.3. Now let C' be a 2 x 4 checkerboard. There are 5 ways to tile C"

4 .172y2

€T
2,,2

%y y*
This also agrees with Kasteleyn’s formula. Note that here n =4 is even.

2
Te(x,y) = <4m2 cos? g + 44/* cos® %) <4m2 cos? g + 44/* cos® %)

4\ 2 2 3\ 2
2 o Ws + Wy 2 o[ W5 + Wy
= Tl e} 4 B
2 4

= 2"+ [(ws + w5)” + (w5 +wi)’a’y” + s+ ws)* (w5 +w3)y
= 2" + (W 4+ 2+ Wi + wy + 2+ ws)2y + (Wi + 2 + wd) (w5 + 2 + ws)y*
— .T4 +3«T2y2 _|_y4,

where ws is the fifth root of unity. In the second to last line, we used the fact that
ws 4+ Wi 4 wi 4+ wi = —1.

Theorem 1.1.1 can give the number of tilings of C' directly.
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Corollary 1.1.4. 1. If C is an m X n checkerboard with the parity of m and n
arbitrary, then the number of tilings of C' is

ﬁﬁ(4cos -+ dco nkfl)i. (1.1)

=1k=1

<.

2. If C'is a 2m x 2n checkerboard, then the number of tilings of C' is

R 5 T o km
HH(4COS 2m—|—1+4cos 2n—|—1)' (1.2)

=1 k=1

Proof. 1. Let x =y = 1 in Theorem 1.1.1. Then this formula gives the number of
tilings T of any arbitrary m x n checkerboard C'.

m n 1
HH(4COS +4 nkj_rl)4.

Note that for mn an odd number, Tz = 0. This is also true in the above

formula. For the term where j = m“ k=" we have
4 cos? m + 4 cos® m :4(:0522+40032Z =0,
m+1 n+1 2 2

which makes the whole product 0.

2. Now, let C' be a 2m x 2n checkerboard. Then using the results from the previous
part, T is

2m 2n . 1
B o JT o km \*
TC—HH <4cos ——T + 4 cos n+1)

]

OVERVIEW OF PROOF OF THEOREM 1.1.1. In the rest of this chapter, our goal is
to prove Theorem 1.1.1. We need to first find a d x d matrix A whose permanent
(defined below) is T¢:(z, y), where d = %, However, permanents are hard to calculate,
so we modify A to get a weighted matrix A" whose determinant is perm(A) (up to a
manageable constant). Next, we want to compute det(A’). Doing it directly is still
difficult, so we relate A’ to the weighted adjacency matrix K of an m x n grid graph.
Finally, we calculate det(K) by giving the eigenvalues of K.
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1.2 Preliminaries

Let C be an m x n checkerboard. We make every square in the checkerboard a vertex
of a planar graph and the vertices inherit the colors of the squares. Two vertices
are connected if and only if their corresponding squares share an edge. This trans-
form gives a planar graph G¢ with d black vertices and d white vertices. Label the
white vertices wy, - - -, wg and the black vertices by, - - - ,bg. The ordering is arbitrary,
although the left-right and top-down ordering is standard. An example of a 2 x 3

checkerboard is given below:
w1 b2 ws
by W2 by .

2 x 3 checkerboard C Planar graph G¢

Definition 1.2.1. A perfect matching of a graph is a matching in which every vertex
of the graph is incident to exactly one edge of the matching.

There is a one-to-one correspondence between a perfect matching of G¢ and a tiling
of C'. The following example of the previous C' and G shows the obvious bijection:

— B
— -

A tiling of C' A perfect matching of G

Definition 1.2.2. For m > 2, a path graph P,, is the connected graph with exactly
2 vertices of degree 1 and m — 2 vertices of degree 2.

Definition 1.2.3. If P,, and P, are two path graphs with vertex sets U (m elements)
and V (n elements), and edge sets Ep, and Ep, respectively, then we define the
Cartesian product P,,[1P, to be the graph with,

e Vertex set U x V;

e Two vertices (uj,v;) and (ug,v1) are connected by an edge if and only if
(ur,us) € FEp,. Similarly, (ui,v1) and (u1,v9) are connected by an edge if
and only if (v1,v2) € Ep,.



1.2. Preliminaries

Example 1.2.4. The graph of the Cartesian product of P,[1P; is shown below:

P, PUPs

Notice that the graph P,,[JP, is exactly the planar graph G¢.
Let B(P,,) and B(P,) be the adjacency matrices of P,, and P,.

Lemma 1.2.5. For each k=1,--- ,n,

v = (V1,0 Vpn)' = | sin h sin 2km sin 2nkm\’ eR"
k — k.15 VEk,2,s s Vkm) — 77/+1’ n+17 s
is an eigenvector for B(P,), with corresponding eigenvalue
=2 :
i oS 1
Proof. The adjacency matrix B(P,) has the form
o1 0 0 0 --- 0
ro0 1 0 0 -+ 0
B(P,) = o1 o 1 0 --- 0
0 0 1 0 1
0 0 1 0
We have,
. (=Dkr . (G4 Dkn
U=t T Okt = ST T s T
Jkm km . Jkm km
= gin — s
n+1 n4+1 +1 n+1
km . gkw
= 2cos sin
n+1 n+1
= HkUk,j-

Thus, B(P,)vx = vy, for k=1,--- n.
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Remark 1.2.6. One may discover the eigenvector and eigenvalues in the above lemma
by solving a system of recurrences. Suppose u = (ug,--- ,u,)" is an eigenvector with

engenvalue p. Then

(
Uy = QU

Uy + Uz = HUsg

Ug + Uy = pug - (1.3)

( Un—1 = HUn

Equation (1.3) is a linear recurrence of
Ug ‘= 0,
Ujr1 +ujq = puj, for 1 <j<mn, (1.4)
Up+1 = 0.

The above linear recurrence gives the following characteristic equation

v? — pr+1=0. (1.5)

Solving the above linear recurrence and the characteristic equation, we would obtain
the eigenvectors and their corresponding eigenvalues as stated in the lemma.

Definition 1.2.7. Let x and y be indeterminates and define a d X d matriz A = A¢
for the planar graph G¢o by

x, if (w;, b;) is a vertical edge of G,
Ajj =<y, if (w;,b;) is a horizontal edge of G,

0, otherwise.

Definition 1.2.8. The permanent of a k x k matrix M with entries (a; ;) is

k
perm(M) = Z Hai,g(i),

og€Sy i=1

where ¢(7) is an element of the symmetric group Sy, i.e, all permutations of the set

(1,2, ,k}.

Example 1.2.9. For the 2 x 3 checkerboard in the previous example, the matrix A
of its planar graph G¢ is

S
I
ow 8
SIS
B o
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The permanent of the matrix A is

perm(A) = a11a22a33 + 12023031 + 1302132
+ 13022031 + Q12021033 + 11023032
=2 +0+0+0+ zy* + 29?
= 2% + 22y

It follows that the permanent of A is the tiling generating function for C'.
Proposition 1.2.10.
d
perm(A) = Z Hwt(wi, bo(iy) = Te(x,y). (1.6)
€S, i=1

Proof. The o-th term in perm(A) is nonzero if and only if the edges (w;, by(;y) form a
perfect matching for G¢. It is easy to see that there is a one-to-one correspondence
between perfect matchings of G¢ and tilings of C'. The example of a 2x 3 checkerboard

is given below,

2 2
3 xy xy

]

Definition 1.2.11. With notation as above, the weight of each vertex pair (w;,b;)
is defined by
iz, if (w;,b;) is a vertical edge,
wt(w;, b;) = Sy, if (w;, b;) is a horizontal edge,

0, otherwise.
The weighted d x d matriz A" = Ap is defined as Aj; = wt(w;, b;).

Example 1.2.12. The weighted matrix A" in the previous example is

w y 0
A=y w y
0 y wx

Let {f;} and {f/} be bases for R” and R" respectively, and let {e;} and {e'}
be the bases for R™ and R™ respectively. If s € R™ and ¢ € R are vectors, then
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the tensor product s @t = 3, sitj(e; @ f;). If St R™ — R™ and T: R* — R"
are matrices. Then the tensor product S® T : R™ @ R* — R™ ® R™ is a matrix
(S®@T)(e; @ f;) = S(e;) @T(f;). We choose the lexicographic ordering for the bases
{e; ® f;} and {e] ® f/} for the domain and codomain respectively. The matrix S ® T’
has the form

811T 312T
S®T: 821T SQQT

Example 1.2.13. Consider the matrices S and 7"

g (s sw T — t11 ti2 ti3 ‘
S21 S22 to1 toa to3
Then the tensor product of S ® T is

SHT 812T>

S ® = (821T SQQT

S11t11 Stz Suitiz Siotin Siotiz Si2ti3
S11t21 S11loe  S11feg  Siofor  Siatoz  Si2to3
So1t11 S21ti2 Sa1tiz Sootin Sootia S2olis
So1lo1  S21loo  Sa1taz  Soofor  Saolos  Soolas

Remark 1.2.14. The adjacency matrix of P,,[JP, is
B(P,) ® I, + (I, ® B(F,)),

where ® is the tensor product of matrices.

1.3 Proof of Theorem 1.1.1

As established in Proposition 1.2.10, perm(A) is T(x, y). But the permanent is hard
to compute, so we modify A in Definition 1.2.7 to get a weighted matrix A’. We now
need to show that det(A’) and perm(A) differ by a constant factor.

Roughly, the idea is as follows. Any nonzero term in the permutation expansion
of det(A’") corresponds to a tiling of C. Let the permutations ¢ and 7 correspond to
two tilings T, and T,. When we place one on top of another, T, U T is a disjoint
union of cycles. One can transform T, to T, by simply rotating a single cycle at a
time. It suffices to show that if T’ is obtained by T, by rotating a single cycle, then
the coefficient for their corresponding monomials in det(A’) have the same value a.
The details begin with the following lemma.
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Lemma 1.3.1. For any weighted closed even cycle {vy, -+ ,vog_1, V9, = v1} in Ge,

- — 1Li agt(vi vin1)

— (_1)k+f—1
Hi even wt(vi’ Ui‘f'l) r=y=1
where £ is the number of integer points strictly enclosed in the cycle
The proof we give next is based on an online lecture note by Levine [6]

Proof. We prove the lemma by an induction on the area enclosed by the cycle.
The base case is when the area enclosed is 0,

U1
vie e |
(%)
In the left case, we have a 2-cycle,
wt(v1,v2) _ Y e
wt(va, v1) e=y=1  Yle=y=1
Similarly, in the right case,
wt (v, v9) _ ﬁ S
wt(v2, 1) [,y I

r=y=1

In the induction step, without loss of generality, we can assume that vy is the vertex
Case 1.

in the leftmost column. We consider the following three cases.

U1

o - - -

=~

This is the case in which it is possible to remove v; and replace the two edges connected
to vy with the two dotted edges, as shown above. The new starting vertex is v{. This
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decreases the area by 1 unit. The new variables are k' = k, ¢/ = ¢ — 1. Hence the new
ratio 7’ is, using the inductive hypothesis,

Case 2.

Here, it is possible to remove v; and replace the three edges connecting to it by a
single horizontal edge, as shown above. Similarly, we have new variables k' = k — 1,
¢ = (. The new ratio is

Case 3. The third case is obtained by rotating the second case:

o0

U1

As an analogy of case 2, the induction step stands for case 3. O]

Proposition 1.3.2.
det(A") = aperm(A) = aTe(z,y),

where o € {1, —1,14, —i}.

Proof. We have,

det(A) = " sgn(o) [ [ wt(wi, bow).

gESy =1
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A term in the above sum is nonzero if and only if o corresponds to a tiling 7, of the
checkerboard C', and in that case we write

d
sgn(o) [ [ wt(wi, bo@)) = sgn(o) (i) z*"y",
i=1
where v, and h, are the number of vertical and horizontal tiles in 7,.. It now suffices

to show that for any pair of permutations o, 7 € S; corresponding to valid tilings,
we have

sgn(o) ()" = sgn(1)(1)"" =: a. (1.7)
We first argue that we may assume o is the identity permutation. Suppose T, has
edges {(w;,ws(;))} and T; has edges {(w;, w-;))}. Relabel the black tiles by b; —
bs—1(;)- Then T, under this relabeling corresponds to the identity permutation o’ = id,
and is denoted by T, = Tjq. Similarly, under this relabeling, T, corresponds to the
permutation 7 = o7, and is denoted by T,,. Since the number of vertical tiles in a
tiling does not depend on the labeling of the black vertices, then

san(0)(0)"” = sen(r)(i)" = san(o)(i)" = san(r)(i)""
= ()" =sen(o 7))

= (i) =sgn(0")(1)"" = sgn(r')(1)""

Thus, we may assume o is the identity permutation.

Next, assume that we have relabelled the black vertices so that Tiq = T, is a valid
tiling, and let T, be any valid tiling. Place Tiq and T, on top of each other. Then,
TiqUT, is a disjoint union of cycles in G¢, and we can transform Tiq to T, by rotating
one cycle at a time. Hence, we may assume that Tiq U T, contains a single cycle of
length &k for some k € Z. It follows that 7/ contains a cyclic permutation cycle of
length k.

By Lemma 1.3.1,

H?:l wt(w;, biq) _ Hle wt(w;, big)
H?:l wWt(wi, br(s)) lo=y=1 Hf:1 wt(wi, br(i)) lo=y=1
wt(wy, by )wt(we, by) - - - Wt (wy, by,)
wt(wy, b)) Wt(wa, br(2)) - - - Wt(wy, byy)

— (_1)k+£fl

r=y=1
)

where ¢ is the number of vertices enclosed by Tiq U T;. Since the interior of Tiq U T},
is a disjoint union of even cycles, ¢ is even. So,

senlid) [TL, wilwbw) | sen(o) | e (D5

Sgn(T) H?:l Wt(wu bT(l)) r=y=1 a SgH(T) <—1)d_1

=1.
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On the other hand, since

d

HWt(wia bi)|x:y:1 = (Z')'Uid

i=1
d
HWt(wzw bT(z’))':v:y:l = (1),
=1

Equation (1.7) follows. O
Now we can prove Theorem 1.1.1.

Proof of Theorem 1.1.1. A conclusion from Proposition 1.3.2 is that

TZ(x,y) = Perm(A)? = —det(A') ———det(A")%. (1.8)

(ild)

We can compute det(A’) to get T (z,y). It is still difficult to find det(A’), so we
can compute it indirectly through tensor products of matrices. Define the Kasteleyn

matriz K to be /
0 A
K = (A/t O> .

Recall the generalized Laplace expansion:

det( ) 1 14+2+4-+mn/24+mn/2+1+4-- +mndet(A/)det<A/t)

)
12057+ gt (A7) det(A")
1)™m/2det(A")det(A")
1)%det(A")2

(=
(=
(=
(=

In the second to last line, we used the fact that for a symmetric matrix A’, det(A")=det(A").
Using Equation (1.8), we can conclude that

2 (=1 (=1
Té(x,y) = & d) det(A")? = Bk det(K) = (_1)ddet(K) = det(K). (1.9)
All we need to do now is to find det(K’). Note that K is the adjacency matrix for
graph G. Recall that
G = P,0P,,

where P,, and P, are path graphs, and [J is the Cartesian product. Hence, by
Remark 1.2.14,
K =ixB(P,) ® I, + y(I,, ® B(P,)). (1.10)
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Proposition 1.3.3. The eigenvalues of K are \; + ipy,, where \; and py are the
eigenvalues of B(P,,) and B(P,) respectively.

Proof. Let v; be an eigenvector of B(P,,) and wj be an eigenvector of B(P,). By
Equation (1.10),

K(v; @ wg) = (ixB(Pp) @ I, + y(Im, @ B(P,)))(v; ® wy)
=1z B(Py)v; ® Lywy + y(1,v; ® B(P,)wy)
= ixB(Py)v; ® wy + yv; ® B(P,)wy,
= iz (A\jv;) @ wi + Yyv; @ (ppwi)
= ix);(v; @ wy) + ype(v; ® wy)
= (iz\j + yur) (v; @ wy).

Therefore,

m n
det(K) = H Hix)\j + Yy
—ﬁﬁ 21z cos Jm + 2y cos km
e m+1 4 n—+1
T on .
k
:HH [(Qixcos I + 2y cos T
, m+1 n
TT- 2 o JT 2 o km
:HH 4z cos® ——— + 4y~ cos .
, m+1 n+1

1))

and, therefore,

Te(z,y) = H H (4:1:2 cos” mj—T— ]

T
+1
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Corollary 1.3.4. Let C' be a 2 x n checkerboard, with n arbitrary. Then

ﬁ
NIE]
[

Fo(z,y) = <ZE2 + 4y* cos® <ﬂ>), (1.11)
n

h=1 +1

where F,1(z,y) is the Fibonacci polynomial, defined as follows:

Fo(z,y) =0
Fl(xvy -
Fn+1($,y) =" Fn<x7y) + y2 : anl(xay%

forn > 1.
Proof. The characteristic polynomial of {F,,(x,y)} is
P(2) = 2* — 2z — %,

which has roots:

x+ /22 + 4y?
o =
2
B_x—\/372+4y2
- 5 )

Note that here we are regarding F(x,y) as a function from C? — C2. The theory of
linear recurrence says that F,(z,y) = aa™ 4 b8"™ for some a,b € C. To determine a
and b, we use the initial conditions of the recurrence:

0 Fp=a-a"+b-8=a+1b
1 Fi=a-a+b-0.

Solving the above linear equations, we get

aniﬁn

o—

We now claim that 2 = 2iy cos *Z is a root of F,(x,y) for k=1,2,--- ,n— 1. Let

n

Therefore, simple algebra gives F,(x,y) =
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0= ’%, for k=1,2,--- ,n — 1. Using the previous expression, see that

Fo(2iy cos 6, y) — (iy cos O + ysin 0)™ — (iy cos§ — ysin f)"

2ysin 6

~ (@)"y"((cos @ —isin#)" — (cos O +isinf)")
B 2y sin 6
~ (=9) (=) 'y cos(—0On) + isin(—6On) — cos(fn) — isin(On))
- 2sin 0
(=) ty"1(2sin(0n))
- 2sinf

(—i)" 1y sin(6n)
B sin ’

which is 0. Since x = 2iy cosf is a root for F,(z,y), we can decompose:

—1
5=

n—1
k h
Fo(z,y) = H (x—Qiycos%) = H (w2+4y20082 (%))

k=1 h=1

Then, F,1(z,y) would be

L13]
hr
Foii(x, :” 22+ 4dy?cos® | —— ) |,
w1, y) hl( Y nal

which is the exact result we get from Toy,(x,y), by Kasteleyn’s formula in Theo-

rem 1.1.1.

]






Chapter 2

A Combinatorial Idea Using
Complex Weights

2.1 Combinatorial Ideas in Tiling Problems

In Chapter 1, we proved Kasteleyn’s result using a mixture of algebra and combina-
torics. We described a bijection between perfect matchings in a graph and tilings in a
checkerboard, and the number of perfect matchings is the permanent of the adjacency
matrix. The crucial combinatorics in the proof comes in the proof that the weighted
determinant is equal to the permanent of the adjacency matrix. Using some algebra,
we found the eigenvalues and eigenvectors of a matrix associated with the adjacency
matrix, and thus we got the determinant.

Various tiling problems require different mixtures of algebra and combinatorics
to solve. Our proof of Corollary 1.3.4 was primarily algebraic, relying on a special
case of Kasteleyn’s theorem. Alternatively, we now give a proof that is primarily
combinatorial.

Theorem 2.1.1. Let Ty, (x,y) be the tiling generating function as in Chapter 1:

Te(z,y) = Z t(h, U)x”yh.

h,v
Then, Toyy,(x,y) is the Fibonacci polynomial F,1(x,y).

Proof. For any 2 x n checkerboard, we can just look at its right most end:
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If the last tile is placed vertically, then the generating function is x - Thy(n—1); if the
last tile is horizontal, then the generating function is y? - Ty (n—2):

T2><(n—1) (Ia y) T2><(n—2) (ZL‘, y)

So Ty (,y) has the recurrence:

szn(%y) =T T2><(n—1) + y2 ) T2><(n—2)-

Since Tyyp, (2, y) has the same recurrence as the Fibonacci polynomial F, 1 (z,y), and
Tox1(z,y) = Fo(x,y), Toxe(z,y) = F3(x,y), we conclude that

T2><n(ma y) = Fn-l—l(xa y)

]

In fact, we can now use Theorem 2.1.1 to give an independent proof of the 2 x n
case of Kasteleyn’s formula.

Corollary 2.1.2. The tiling generating function is
15

h
Toxn(x,y) = (ZB2 + 4y cos? (l))
n
h=1

Proof. By Theorem 2.1.1, we have Tox,(x,y) = F,11(x,y). The result follows by the
proof of Corollary 1.3.4. O

MBS

In Chen’s undergrad thesis [3], Benjamin and Chen seek a proof of Kasetelyn’s
formula in the case 2m X 2n using a new combinatorial idea, which we present in the
next section. Chen’s thesis makes some progress but does not succeed in finding this
new proof, even in the 2 x 2n case. Our thesis began as an attempt to complete the
proof in this case.
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Figure 2.1: A pseudo-tiling of a 8 x 8 checkerboard.

2.2 A Combinatorial Idea for Kasteleyn’s Formula

Using the fact that

2cosl = e 4 e
we can rewrite Kasteleyn’s formula in Theorem 1.1.1. The number of tilings of a
2m x 2n checkerboard is
H H [1 F L+ T T @y + woy + Whipy + Wiy (2.1)
j=1k=1

where w, is a primitive 7" root of unity.

Expanding Equation (2.1) gives us all the possible products of chosen terms in
the sum. This is indicating a way to weight tiles and look at the sum of all possible
weights. We will set up the weights and tilings in this section.

Definition 2.2.1. Number the rows of a 2m x 2n checkerboard from top to bottom,
and columns from left to right. A pseudo-domino is a white or black domino covering
a (27,2k) square. It can have four directions: up, down, left or right. A pseudo-tiling
is a tiling comprised of pseudo-dominoes.

Example 2.2.2. See Figure 2.1 for an example of a pseudo-tiling of an 8 x 8 checker-
board.

Theorem 2.2.3 (Benjamin, Tucker, Klawe [3]). A pseudo-tiling has either two pseudo-
dominos overlapping, or some pseudo-domino hanging over the edge, or a cycle of
pseudo-dominos enclosing an odd region, or there is a unique way to extend the cover
to a standard tiling of the entire board.
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Definition 2.2.4. A proper pseudo-tiling is an all-white pseudo-tiling that can extend
to a standard tiling of the checkerboard. Otherwise, it is improper. A pseudo-domino
in a pseudo-tiling is proper if it is white, does not hang off the edge of the board,
and does not overlap with another pseudo-domino. Otherwise, the pseudo-domino is
mproper.

Theorem 2.2.3 and Equation (2.1) suggest that there is a weight function that
could lead to a combinatorial proof of Kasteleyn’s theorem. The idea is that we
can weight each pseudo-domino, and the sum of all possible pseudo-tilings weights is
Equation (2.1). Since Kasteleyn’s theorem says that Equation (2.1) is the number
of standard tilings, weights of improper pseudo-tilings cancel, leaving the weights of
proper pseudo-tilings.

The eight terms in Equation (2.1) imply that there are 8 possible situations for
each pseudo-domino, which matches the eight color and direction choices of each
pseudo-domino.

Definition 2.2.5. Let w, be the 7" root of unity. The weight of a pseudo-domino
depends on its color and direction:

1 e

J —Jj
Wom+1 Worm+1 Won+1 Won+1

The weight of a pseudo-tiling is the product of the weight of its pseudo-dominoes.
The weight of a set of pseudo-tilings is the sum of the weight of its elements.

Remark 2.2.6. A proper pseudo-tiling has a weight of 1. Thus, the weights of all
proper pseudo-tilings is the number of them.

Example 2.2.7. Using the 8 x 8 checkerboard in Example 2.2.2, the weight of that
specific pseudo-tiling is

wt(P) = wy' -1 wiwg®-1-ws-1-1-wytwiws - 1 - wiwy wiwg

2
= wj.
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IMPORTANT IDEA. By what we have explained so far, we see Kasteleyn’s formula
is equivalent to having the sum of the weights of all improper pseudo-tilings be 0.
Thus, if we can prove that the weights of all improper pseudo-tilings is 0 independent
of Kasteleyn’s formula, we get a new proof of Kasteleyn’s formula. We would hope
that such a proof would be largely combinatorial rather than algebraic.

Chen’s thesis begins with this combinatorial idea and has some results.

Consider a pseudo-tiling of 2 x 2n with at least one improper vertical pseudo-
domino, i.e., some black vertical pseudo-dominoes or a white down-facing pseudo-
domino. We can modify that specific improper vertical pseudo-domino to create a
set that has a vanishing weight.

Proposition 2.2.8 (Benjamin, Chen, 2010). For a 2 x 2n checkerboard, the total
weight of all pseudo-tilings with improper vertical pseudo-dominoes is 0.

Proof. Let a pseudo-tiling P have some vertical improper pseudo-dominoes. Let
(2,2Fk) be the first position of an improper vertical pseudo-domino. We write

P = [Ap2,2k B]a

where A is a pseudo-tiling with no vertical improper pseudo-dominos, ps o is the
first improper vertical pseudo-domino, and B can be any pseudo-tiling. Then such a
pseudo-tiling has three options at position (2,2k): ps o, can either be a white down,
a black up or a black down.

A —— B A—lB AIB

D22k P22k P22k

Let W4y, ,,, be the set that contains the three pseudo-tilings above. Then the weight

Of \IJA7p2,2k: 7B 1S

W(W 4, 5,8) = WE(A) - 1 wt(B) + wt(A) - w3 - wi(B) + wt(A) - wi - wt(B)
= wt(A) - wt(B)(1 + w3 + w3)
= wt(A) - wt(B) - 0

Therefore, the weight of all such W,,,,, 5, i.e., the weight of the set of all pseudo-
tilings with at least one improper vertical domino, V¥, is

Z Wt(\IjA7P2,2k,B) = wt(¥) = 0.

A7p2,2k7B



26 Chapter 2. A Combinatorial Idea Using Complex Weights

Proposition 2.2.8 tells us that the set of all pseudo-tilings with at least one im-
proper vertical pseudo-domino has weight 0. Now we concentrate on pseudo-tilings
with no improper vertical pseudo-dominoes. Thus, to prove Kasteleyn’s formula in
the 2 x 2n case, it suffices to show that the set of all pseudo-tilings with no im-
proper vertical pseudo-dominoes has weight 0. This thesis is primarily inspired by
this question.



Chapter 3

Chebyshev Polynomial and
Complex Weight

From now on, we will only consider pseudo-tilings of a 2 x 2n checkerboard.

3.1 Pseudo-tilings with No Vertical Pseudo-dominoes

In the previous chapter, we partitioned the set of all pseudo-tilings with at least one
improper vertical domino W into subsets W, ,,,, g of size 3. Each subset W, ,,,, B
has weight 0, hence the weight of ¥ is 0. Now, we want to do something similar with
the remaining set of pseudo-tilings.

Let X,, be the set of improper pseudo-tilings of a 2 x 2n checkerboard with no
improper vertical pseudo-dominoes. Let X, ; be the subset of X, with A horizontal
pseudo-dominoes. Then X,, = | |, X, 5. The main goal of this chapter is to give an
algebraic proof of the following theorem.

Theorem 3.1.1. For arbitrary n and h,

Wt(Xn’h) = 0.

3.2 Chebyshev Polynomial of the Third Kind

We now turn to the seemingly unrelated topic of Chebyshev polynomials of the third
kind. In Theorem 3.2.2, rewriting this polynomial gives a generating function of
weights of pseudo-tilings. We first introduce some basics about the Chebyshev poly-
nomial, which come from Mason and Handscomb [7].
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Definition 3.2.1. The Chebyshev polynomial of the third kind {V,,} is defined by the
following recursion,

for n > 1.
Rearranging the above equation, we can get another recursion:
20V, () = Vo (x) + Vi (2). (3.1)

Chebyshev polynomials of the third kind also have interesting relations to trigonom-
etry. Let x = cos(#). Then

CoS (n—i— %) 0

cos (g)

Via(cos(0)) =

Therefore, the zeros of V,,(x) are

2k —1 B 10 T
COoS 2n+17r = COS 1

where 0 = 23:1 fork=1,...,n.
From Equation (3.1), it follows that the leading coefficient of V,,(z) is 2". There-

fore, V,,(x) can be factored as

T m T m
Vo(z) =2 H(m—cos <k9_2n+1)> —k:l (2:10—2005 <k0—2n+1)>.

k=1

(3.2)

The next theorem shows that V,,(z) is a generating function of weights of pseudo-
tilings with only horizontal pseudo-dominoes.

Theorem 3.2.2. Let w =27/(2n+1). Then
Vn(x) = H (2I + Wk + W_k) = Zgn,wxwa
k=1 w=1

where gy, 15 the sum of weights of 2 x 2n pseudo-tilings with only horizontal pseudo-
dominoes and w white pseudo-dominoes.
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Proof. Starting from the factorization of V,,(z) in Equation (3.2),

Let us return to Equation (2.1):

n

H H [1 F14+ T4+ 1+ W, Wl +wWhy + w2nk+1:| :
J=1 k=1

If we take out all summands corresponding to vertical pseudo-dominoes, we have a
formula for the weights of all pseudo-tilings with only horizontal pseudo-dominoes:

n

11 {1 + 1+ whyy + wz‘n’il} : (3.3)

k=1

The two 1’s correspond to left and right white pseudo-dominoes. Replacing the 1’s
with z’s, Equation (3.3) is exactly V,,(x):
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3.3 (Generating Functions

Let Y,, be the set of all 2 x 2n proper pseudo-tilings, and let Y,, , be the subset of Y,
with exactly h horizontal pseudo-dominoes. Thus Y}, is the disjoint union of Y,, ,. The
set of all pseudo-tilings, both proper and improper, with exactly h horizontal pseudo-
dominoes, is X, ;| |Yn . In the last section, we found the generating function for
weights of X, | | Yn- We need to find a general expression for generating functions
of weights of all kinds of pseudo-tilings.

Definition 3.3.1. Define the generating function G, (h, z) to be,

h
Gn(ha ZL’) = Z gh,wxw
w=0

where g¢j,,, is the sums of weights of 2 x 2n pseudo-tilings with w horizontal white
pseudo-dominoes and A total horizontal pseudo-dominoes, with no vertical improper
pseudo-dominoes. Thus,

h
Gn(ha 1) = Zgh,w = Wt<Xn,h |_| Yn,h)-
w=0

Example 3.3.2. By Theorem 3.2.2, V,(z) is the generating function for pseudo-
tilings of a 2 x 2n checkerboard with all horizontal pseudo-dominoes.

Vo(z) = Gp(n,z) = Zgn,wx“’.
w=0

Our next goal is to express Gy, (h, z) in terms of V,(x) = G, (n, ).

Proposition 3.3.3. Recall that g, s the weight of all 2 x 2n pseudo-tilings with h
horizontal pseudo-dominoes and w horizontal white ones. Then,

2((71 — h) + 1) *Jh-1w-1 = W Ghw-

Proof. Let P be a pseudo-tiling counted by g—1.,-1. Then P has n — h + 1 vertical
white pseudo-dominoes. Each of these vertical pseudo-dominoes gives rise to two
pseudo-tilings counted by gp ,:

/
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Hence from each such P we form 2 - ((n — h) 4+ 1) pseudo-tilings counted by gp, .-
On the other hand, if ) is a pseudo-tiling counted by g, then ) gives rise to w
pseudo-tilings P counted by gn—1.,-1. We find these P by choosing any of the w
horizontal pseudo-dominoes in () and making it vertical. The result follows. O

Theorem 3.3.4. Let G,,(h,x) be as defined in Definition 3.3.1. Then, G,(h — 1, )
is related to the derivative of Gy (h, ) by the following equation:

G (h,z) =2(n—h+ 1)G,(h —1,2).

Proof. 1f we take the derivative of G, (h, ), we find

h
G (h,z) = Z W Gt

w=0

h
=S 20— h+1) - gur 2
w=0
=2(n—h+1)-G,(h—1,2).
The second line is due to Proposition 3.3.3. ]

Corollary 3.3.5. V,,(x) encodes all information of G, (h,z) for arbitrary n and h:

Vi ()
Gnlh,z) = 2n=h(p — h)!
Proof. Using Theorem 3.3.4,
Vi(r) = G (n,r) = 2G,(n — 1, 2)
V/(x) = Gi(n,x) = 2° - 2Gy(n — 2,z)
V() = Gl(n,z) =2° 2 3Gu(n — 3,2)

and so on. By induction, if we have ¢ = n — h vertical pseudo-dominoes,

VO@r)y=2-01-G,(n— 1, x),

n

and the result follows. O
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3.4 Proper Pseudo-tilings

In this section, we count the number of proper pseudo-tilings with A horizontal pseudo-
dominoes, and relate it to a certain kind of Dyck path.

Proposition 3.4.1. The number of proper pseudo-tilings in a 2 X 2n checkerboard

with h horizontal pseudo-dominoes is |, | = (2"h_h).

We give two proofs.

Proof. Let V stand for a vertical pseudo-domino, L stand for a left, and R stand for a
right pseudo-domino. For a 2 x 2n pseudo-tiling to be proper with i horizontal tiles,
we first fix the positions of n — h vertical pseudo-tilings. Then, we place h horizontal
pseudo-dominoes in between the vertical pseudo-dominoes. Below is an example of
such proper pseudo-tiling of a 2 x (2 - 14) checkerboard,

LLRVLLVRRVLLTLL

The horizontal pseudo-dominoes after the last V' can only be L’s. Also, there can not
be any RL combinations in between Vs since pseudo-dominoes cannot overlap in a
proper pseudo-tiling. Say there are z; L’s and 1; R’s before the i V' and there are
Tn_ni1 L’s after the last V. We want to count the number of solutions to

Tty Tt Yot Tonyr1 = N,

where z;,y; € N. This is a stars and bars problem in which we place bars between
each LR pair and replace each V' with a bar. A proper pseudo-tiling of the form

becomes

Therefore, by stars and bars, there are

2n—2h+1+h—1 B 2n —h
h N h

ways to have proper pseudo-tilings with A horizontal pseudo-dominoes. O]

Another proof uses Dyck paths.
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Ground Level

Figure 3.1: Dyck path as a mountain range.

Definition 3.4.2. A Dyck path of semilength n + 1 is a lattice path consisting of
moves of the form (1,1) and (1, —1), starting at (0,0), ending at (2(n+1),2(n+1)),
and never passing below the z-axis. A (1,1) move is a rise and a (1, —1) move is a
fall.

We think of a Dyck path as a mountain range, see Figure 3.1.

Definition 3.4.3. A Dyck path is non-decreasing if the heights of its valleys is a
nondecreasing sequence. A double rise in a Dyck path is a pair of consecutive rises.

Example 3.4.4. Below is a Dyck path with 2 double rises:

AN
ZEERN

Proposition 3.4.5. The number of nondecreasing Dyck paths of n + 1 semilength

with h double rises is |Y, 5| = (Z"Jh).

Proof. Let v(n, h) be the set of such Dyck paths with n + 1 semilength and h double
rises. We proceed by strong induction.

For n = 1 and h = 0, there is (QX(l)*O) = 1 such nondecreasing Dyck path with
h = 0 double rise

/NN

and (QXTI) = 1 with h = 1 double rises
/N
/ N\

Assume the result holds true for some n — 1 and h — 1. Dyck paths in v(n, h) can
be divided into two disjoint subsets v(n,h) = vi(n, h)| |va(n, h), where vi(n, h) has
valleys touching the ground level and v5(n, h) does not. To count |vy(n,h)|, we can
chop off the moves before the first valley that touches the ground level and reduce
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the problem to a previous case. Note that since the Dyck paths are nondecreasing, if
there is some valley touching the ground level, then the first valley has to touch the
ground level too. The first valley can occur at quite a few spots on the ground level,
so we need to account for each case:

l AN cee

Therefore,

h )
2n—h—2—1 2n—h —1
|u1<n,h>|—§izoj( S B G

which is due to the Hockey-stick Identity.

To count v,(n, h), since none of the valleys are touching the ground level, we can
take the first and the last move and reduce the counting problem to the previous
case of v(n — 1,h — 1). Specifically, doing so gives a bijection between vy(n,h) and
v(n —1,h —1). The example below explains the bijection:

So we have ) _
.
] = == 0l = (1),

By the definition of the two subsets, we add them up to get the size of v(n, h):

ol = (o )]+ o] = (7 ) (P T = (201,

using Pascal’s Rule. O

This next proof of Proposition 3.4.1 shows a bijection between proper pseudo-
tilings and the Dyck paths in Proposition 3.4.5.

Proof. As laid out in the first proof, for a pseudo-tiling of a 2 x 2n checkerboard
with h horizontal pseudo-dominos to be proper, we need to have all L’s before R’s
in between V’s. An obvious bijection between Dyck paths in Proposition 3.4.5 and
such pseudo-tilings is to count each double rise as a horizontal pseudo-domino and
each valley a V. An example of the natural bijection is given below. For a proper
pseudo-tiling of 2 x (2 - 13) checkerboard with h = 10 horizontal pseudo-dominos
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LRVRRRV LRV LLL,

the corresponding Dyck path is as follows,

/N
/7 L\

SN/ L\
,,,,,,,,,,,,,,,, J LN/ L N
,,,,,,,,,,,, SN/ RV N

7/ RV N
/N / R N
S LN/ R N
/ RV N

Since the valleys are non-decreasing, we won’t have any RL combination and the
horizontal pseudo-dominoes after the last V" are all L’s. The height of each valley is the
number of R’s proceeding it. Hence, each such Dyck path matches a proper pseudo-

tiling uniquely. We then confirm that this is a bijection, and |Y,, 5| = (2",; h). O]

3.5 Proof of Theorem 3.1.1

Proposition 3.5.1. Let { =n — h. Then

V(1) = 241 (” * i) = 2" h(p — h)! (2”}: h).

n —

Proof. We will prove the equality by showing that both sides have the same recur-
rence.
We first find the recurrence of Vi\” (x). By the recurrence of V,,(x), we have

Vo1(z) + Vo (z) = 22V, (2)
2V, (x) + 22V ()
=4V, (x) + 22V, (x)
6V (z) + 22V (x),
and so on. By induction,
Vi (@) + Vi () = 20V (@) + 22V (w).

Setting x = 1, we get the following recursion:

V9 (1) = 2000 1) +2v0(1) - VY (1),
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Now we look at the recurrence of the right hand side.

vo(n ) =2 () 20 ) - ()
— 20271 (¢ — 1)'(ng:3) +2-2%!(ZJ_F§) —2‘4!(521&?).

For the base case, recall from Definition 3.2.1 that Vy(x) = 1 and Vi(x) = 2z — 1.

Vo(1) =2°-0!- ()
vy =211 (11>

Vi(l)=2"-0!- G) =1

Both sides have the same recursion and thus are equivalent. O
Now we can prove Theorem 3.1.1.
Proof of Theorem 3.1.1. By Proposition 3.5.1,

Ve =200 - (1)

and thus

We can relate this equality to the generating function G,,(h, z) using Corollary 3.3.5:

2n — h
The second equality is due to Proposition 3.4.5. By Definition 3.3.1,
Gu(h, 1) = wt(Xop | |Yan) = wt(Xon) + [Vaul.

The above two equations imply that wt(X,, ) = 0. O



3.6. A New Generating Function 37

3.6 A New Generating Function

If we inspect the Taylor series of V,(z), we can find a new generating function for the
number of proper pseudo-tilings.

Proposition 3.6.1. Let ¢ be the number of vertical pseudo-dominoes. Then V,,(5+1)
is the generating function of the number of proper 2 x 2n pseudo-tilings with ¢ vertical
pseudo-dominoes.

Proof. We explore the Taylor series of V,,(x):

no(w)
Vo) =S Wy gy

w!

w=

=0
n Vn(n—h) (1)
0!
0

=2 r(g; — 1t
- hi:ozn-h (2” . h) (@ — 1)
_ ZQK(ZJ_F@@— 1)!

Thus, we plug in § + 1:

Vn(g+1) :i%(ﬁfi) (gﬂ—l)é

z”:(n—i—f) ¢
= xt.
n—4¥
=0

According to Proposition 3.4.5, the coefficient (Zfi) = (2",; h) is |Y,,n|. The result

follows. L

If we examine the way we extend pseudo-tilings to standard tilings of a 2 x 2n
checkerboard, we will find that V,,(5+1) is actually a generating function for numbers
of standard tilings.

Definition 3.6.2. A flip of a domino tiling is a local transform that rotates two
dominoes covering a 2 x 2 square 90 degrees.

Example 3.6.3. Figure 3.2 shows an example of a single flip in a 4 x 4 checkerboard
tiling.
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Figure 3.2: A single flip in a 4 x 4 checkerboard.

Definition 3.6.4. Two domino tilings of a checkerboard are flip-accessible if one can
be transformed to another by a finite sequence of flips.

Proposition 3.6.5. A proper 2m x2n pseudo-tiling P with ¢ vertical and h horizontal
pseudo-dominoes can be extended uniquely to a standard tiling with 2¢ vertical and 2h
horizontal dominoes.

Proof. The uniqueness is stated in Theorem 2.2.3. It is well-known by Thurston [12]
that any two tilings of a 2m x n checkerboard are flip-accessible. Then if we start with
a 2m x n tiling with all vertical dominoes, any other 2m x n tiling can be obtained
by finitely many flips. Thus the number of vertical tiles and the number of horizontal
tiles in any tiling is even.

Now we number the checkerboard as in Definition 2.2.1 and find pseudo-tilings.
Any 2 x 2 square in the checkerboard has a (27, 2k) square either on the upper left,
upper right or the lower left, lower right corner. To make a pseudo-tiling, we take
away the dominoes that do not cover the (27, 2k) squares. Consequently, we keep a
half of the horizontal and a half of the vertical dominoes. ]

Corollary 3.6.6. The generating function for the number of standard 2 x 2n tilings
by the number of vertical dominoes is Vn(é +1) =3, ()%,

n—~_

Proof. By Proposition 3.6.5 and Proposition 3.6.1, the result follows. O]

Example 3.6.7. We have

72
V2<§+1) =zt 4322 +1

corresponding to the tilings:

inn I= ==
z! z? z? z? 1




Chapter 4

Combinatorics of Pseudo-tilings

In the last chapter, we checked algebraically that wt(X, ) = 0. Now we want to
develop a combinatorial proof of this equality as Chen did in Proposition 2.2.8. In
this chapter, we introduce some of the combinatorial stories we have for Theorem 3.1.1
so far.

We partition the set X, into a disjoint union of its subsets X,, = | |, X, 5. We
group pseudo-tilings in X, ;, into subsets such that using the identity of roots of unity

1 2 om
T4 wypig +Woppy + 0 Fwiypyy =0,

each subset has weight 0. We do this for the cases of X, ;, X, 2 and X,, ,,.

4.1 Combinatorics Using Set-Grouping

Corollary 4.1.1. For arbitrary n,
Wt(XnJ) = 0.

Proof. If h =1, the pseudo-tilings of X, ; that have a black pseudo-domino are

[T e - ] T

The sum of their weights is

1 2 n —1 2 -n
Wopi1 T Wappq T T Wo g T Wopyg T Wopyg + 0 Fwgpyy = —1

The last element of X, ; is the all white pseudo-tiling with a right-facing pseudo-
domino at the end:
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I -HFE
L [ [ =,

which has a weight of 1. Thus

wt(X,1) = —1+1=0.

Corollary 4.1.2. For arbitrary n,
Wt(XnQ) =0.

Proof. We can rewrite X, » as a sum of three disjoint subsets: X, o = |_|g:0 X,2(b),
where X,,2(b) := {P € X, |P has b black horizontal pseudo-dominoes}. We will
split X,,2(0) into two subsets: one with 1 white pseudo-domino hanging over the
edge and one with 2 overlapping white pseudo-dominoes. Each one will contribute to
the weight of X, 2(1) and X, 5(2), making the total weight of X, o vanish.

Case of X, 2(1). We follow an idea similar to that in Corollary 4.1.1. There is a
surjection between X, (1) and X,, ;. For any pseudo-tiling P € X,,;, we can make
one of its vertical pseudo-dominos a horizontal one. Each vertical pseudo-domino
will give rise to two such copies since the horizontal pseudo-domino has two possible
directions. Such P € X, ; will make 2(n — 1) such pseudo-tilings in X, »(1). See
Figure 4.1 for an example. The weight of this set is 2(n — 1)w3, ., where j depends on
the placement of the black horizontal domino. The sum of weights of all pseudo-tilings
risen by X, ; is

2(n = Dwgnyy -0+ 2(n = Dy + -+ +2(n — Dwipy = —2(n — 1).

e

y iﬁ . : 2(n—1)

Figure 4.1: The 2(n — 1) copies of a P € X, ;.
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In X,,2(0), there are exactly 2(n — 1) pseudo-tilings with 1 white pseudo-domino
hanging over the edge, because each pseudo-domino, except for the last one, can
be a horizontal white pseudo-domino, and each such pseudo-domino can have two
directions. The weight of these pseudo-tilings is 2(n — 1).

Hence, the weight of all the above pseudo-tilings is

—-2n—-1)+(2n—-1)=0.
Case of X,,2(2). Let P € X,,2(2). The weight of P can be written as

a a+b mod (2n+1
wt(P) = wh, 44 ‘Wgn+1 = Wapt1 od )7
where a,b € {£1,£2,--- ,£n} and |a| # |[b]. Without loss of generality, we assume
la| < |b]. Then, the weight of P can be plotted in a Cartesian coordinate system.
The graph below is an example with n = 4:

b
1 2 3 5 6 7
1 2 4 5
1 3
a
6 8
4 7 8
2 3 4 6 7 8

b
1 2 3 5 6 7
1 2 4 5
1 3
a
6 8
4 7 8
2 3 4 6 7 8

The pseudo-tilings in this path are
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- - -~ -
- | ] - .

which have the sum of weights

8
i _

E wg = —1.

i=1

We need a pseudo-tiling from X, 2(0) to cancel all the weights of X, 2(2). An obvious
choice is the following:

-[ [o

The weight of this pseudo-tiling is 1. Thus, by grouping pseudo-tilings in this way,
the weight of each group is 0. Hence,

2

wt(Xy2) = wt(| | Xa2(b) =0.

b=0

]

This set-grouping idea encountered great difficulties when we were trying to extend
it to a bigger h. When h < 2, any pseudo-tiling with black pseudo-dominoes will not
have a weight 1. But if A~ > 2, we can have pseudo-tilings with weights like the

following;:
3

w%n—‘rl ' wgn—i—l ’ w;n—ﬁ—l = wgn—i-l = 1.
This is to say that not only X, ,(0) can contribute to a positive integer weight, but
also some pseudo-tilings in X, ,(b), where b > 2. Finding positions such that black
pseudo-dominoes can give a weight of 1 is a number theory question to find integers
x; such that

r1+axo+---+x,=0 mod 2n+1,

where |x1|, |22, -+, |xx| < n and are distinct. Hence, finding a universal set-grouping
rule for X,, ; is hard. Instead of directly describing the grouping of sets, we use a
special kind of necklace tiling to tackle the problem in the next section.
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4.2 Combinatorics Using Necklace Tiling
Theorem 4.2.1. For arbitrary n,
wt(X,n) = 0.

Proof. We introduce a new tiling. We want to tile a necklace of length 2n + 1 using
2n + 1 dominoes. We number each cell in the necklace clockwise from the very top:

0

..

We can tile each cell by either a weight 1 domino or a weight w* := w} | domino,
where k is the position of the weighted domino. An example of a length 9 necklace

G
b

Note that for k > n, we can rewrite w§, ,, = w;n(_]:n) We distinguish between w9,

and 1 in the 0" position, even though they have the same weight. We will explain
this later when we describe the rotation of necklace tilings.

For k # 0, we can find a bijection between dominoes in (2n + 1)-length necklace
tilings and those in 2 x 2n pseudo-tilings. Looking at the k' and the (n+ k)" position
of the necklace tiling,

200G

| | | |
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Note that the weight of dominoes in necklace tilings is equivalent to the weight of the
corresponding dominoes in pseudo-tilings. Depending on the weight of the domino
at the 0% place, we have a two-to-one relation between 2n + 1 length necklace tilings
and 2 x 2n pseudo-tilings. Using the previous example of ¢,

L, L
O -

Note that the weight of the necklace tilings is the same as the weight of their corre-
sponding pseudo-tiling.

Let a be the number of dominoes with weights of the form wf, ,, where k €
{0,1,--- ,2n}. Let ®, be the set of all necklace tilings with a number of dominoes
with roots of unity weights.

We can rotate a specific necklace tiling by multiplying the weight of it by w3, ;.
For example, using the previous necklace tiling ¢ € &5 with 2n 4+ 1 = 9, we multiply

wt(¢) by ws:

5 _ 5.0 1 4 5 6
wy - Wt(9) = wy - wywywowety
::w9w8-a@wé-u@wg-a@wg-a@wg

., 1 2 5 6 7

The rotation only goes once:
The resulting tiling is still an element of ®5. We distinguish between w9, ; and 1 in

the 0" position because we want to make sure that rotation does not change a in a
necklace tiling . We can conclude with the following equality:

Wi > wWi(p) = Y wi(p)

ped, peD,
= Wl > W) — Y wi(p) =0
ped, IS

= (W5, — 1) > wi(p) =0,

ped,
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G Al @l
S B S

Figure 4.2: ¢y, ¢, and paop11.

for any p € ®,. Ifws,,; —1#0, then > 5 Wt(p) = 0; and w3, ., — 1 = 0 only if
a=2n+1or0. If a # 0 or 2n + 1, then ®, has weight of 0.

Let ¢y be the only element in &, and let ¢9,.1 be the only element in ®y,,1.
Let ¢ be the counterpart of ¢y that maps to the same pseudo-tiling. The following
example gives o, ¢ and 9,41 when 2n+ 1 =9, see Figure 4.2. Note that ¢} € @;.
Since wt(py) =wt(pan+1) = 1, we can replace ¢f, in ®; by @a,41 without changing
the total weight of ;. Now the two necklace tilings that make the weight of &, and
®y,11 nOt zero are ¢y and ). These two necklace tilings map to the only proper
2 x 2n tiling in Y, .

A A
G

All the other necklace tilings have weight of 0. Since there is a two-to-one relation
between necklace tilings and pseudo-tilings,

> wh(@) =2 wt(X,,) = 0.
q#£0,2n+1

and thus wt(X,,,) = 0. O

Remark 4.2.2. The necklace tiling idea is inspired by a graduate thesis by Wahyuni [13]
and the following algebra.

Let C be a 2x2n checkerboard. By Example 3.3.2, V,,(x) is the generating function
for weights of pseudo-tilings of C' with all horizontal pseudo-dominoes. Leting x = 1,
it follows that V,,(1) gives the number of pseudo-tilings of C' whose pseudo-dominoes



46 Chapter 4. Combinatorics of Pseudo-tilings

are all horizontal. Simple algebra gives:

(2 + w§n+1 + w;nkJrl)

=

Vn(l) =

M
I

k
(1+ W2n+1 + W2n+1 + W2n+1wzn+1)

I
=

e
Il
—

(1+ whpy 1) (Why @iy s + Way)

I
=

e
Il
—

n

(1+ W§n+1) H(l + W2n+1)/2
k=0

I
=

B
Il
—

We see the above product as ways to tile a 2 X n checkerboard with 1 x 1 weighted
dominoes:

The squares on the top layer are tiled by either a weight 1 or a weight wh 41 domino,
with k& depends on the position of the tile. Similarly, squares on the bottom layer are
tiled by either a weight 1 or a weight w;nkﬂ domino. We can further rewrite V,,(1) as

n

= H(l + Want1) H(l + Wpr) = H (1 + whpp H(l +Fwy)/2, (41)
k=1 k=1 k=1 k=0

and we can attach a square to the left of the bottom layer, and that square is the 0%
cell:

Oth

n+1

Sticking the 0" square to the 1% square on the top layer, we get the necklace tiling.



Conclusion

In Chapter 3, we gave an algebraic proof that wt(X, ) = 0 and in Chapter 4 we
sketched a combinatorial proof of certain cases of h. We extended the set-grouping
idea motivated by Chen to show the case for h = 1 and h = 2. For h > 2, it is difficult
to find universal set-grouping rules. We switched to necklace tilings in order to have
a cyclic group acting on a set of pseudo-tilings.

Some potential future work can focus on extending the proof of Theorem 4.2.1 to
the case of arbitrary h. One can also consider extending the proof of Theorem 4.2.1
to the bigger checkerboard of 2m x 2n.

One may also explore Chebyshev polynomials of the third kind. The recursion for
Vn(x) implies a recursion for G, (h,z). These recursion imply interesting identities
among roots of unity and weights of pseudo-tilings.

This thesis follows Benjamin and Chen’s set-up to try to give a combinatorial
proof of the 2m x 2n case of Kasteleyn’s tiling formula. One can also seek a way to
extend their ideas to a 2m x n checkerboard.






References

1]

[10]

[11]

Federico Ardila and Richard P. Stanley, Tilings, Math. Intelligencer 32 (2010),
no. 4, 32-43. MR 2747701

Arthur T. Benjamin and Daniel Walton, Counting on Chebyshev polynomials,
Math. Mag. 82 (2009), no. 2, 117-126. MR 2512595

Bo Chen, Combinatorial proofs using complex weights, Undergraduate Thesis,
Harvey Mudd College (2010).

P. W. Kasteleyn, The statistics of dimers on a lattice: I. the number of dimer
arrangements on a quadratic lattice, Physica 27 (1961), no. 12, 1209-1225.

Richard Kenyon and Andrei Okounkov, What is ... a dimer?, Notices Amer.
Math. Soc. 52 (2005), no. 3, 342-343. MR 2125269

Lionel Levine and Santiago Cuellar, Algebraic combinatorics: Lecture 17, Online
lecture notes (2011), 6-7.

J. C. Mason and D. C. Handscomb, Chebyshev polynomials, Chapman &
Hall/CRC, Boca Raton, FL, 2003. MR 1937591

James Propp, Enumeration of matchings: problems and progress, New perspec-
tives in algebraic combinatorics (Berkeley, CA, 1996-97), Math. Sci. Res. Inst.
Publ., vol. 38, Cambridge Univ. Press, Cambridge, 1999, pp. 255-291. MR
1731819

Eric Stucky, An exposition of Kasteleyn’s solution of the dimer model, Under-
graduate Thesis, Harvey Mudd College (2015).

B. Sury, Trigonometric expressions for Fibonacci and Lucas numbers, Acta Math.
Univ. Comenian. (N.S.) 79 (2010), no. 2, 199-208. MR 2745168

H. N. V. Temperley and Michael E. Fisher, Dimer problem in statistical
mechanics—an exact result, Philos. Mag. (8) 6 (1961), 1061-1063. MR 136398



50 References

[12] William P. Thurston, Conway’s tiling groups, Amer. Math. Monthly 97 (1990),
no. 8, 757-773. MR 1072815

[13] Nurul Wahyuni, Chebyshev polynomials and Fibonacci numbers, Graduate The-
sis, West Virginia University (2016).

[14] W. A. Webb and E. A. Parberry, Divisibility properties of Fibonacci polynomials,
Fibonacci Quart. 7 (1969), no. 5, 457-463. MR 252315



	Introduction
	Chapter 1: Kasteleyn's Formula
	Statement of Kasteleyn's Theorem
	Preliminaries
	Proof of Theorem 1.1.1

	Chapter 2: A Combinatorial Idea Using Complex Weights
	Combinatorial Ideas in Tiling Problems
	A Combinatorial Idea for Kasteleyn's Formula

	Chapter 3: Chebyshev Polynomial and Complex Weight
	Pseudo-tilings with No Vertical Pseudo-dominoes
	Chebyshev Polynomial of the Third Kind
	Generating Functions
	Proper Pseudo-tilings
	Proof of Theorem 3.1.1
	A New Generating Function

	Chapter 4: Combinatorics of Pseudo-tilings
	Combinatorics Using Set-Grouping
	Combinatorics Using Necklace Tiling

	References

