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Background
Fibonacci Sequence

@ Defined Recursively:

fo=1, f =1
fn: n—1+fn—2
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Background
Fibonacci Sequence

@ Defined Recursively:
fo=1, fi =1
fn = fn—1 =+ fn—2

e {1,1,2,3,5,8,13,...}
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Background
Fibonacci Sequence

@ Defined Recursively:

fo=1, f =1
fn = fn—1 =+ fn—2

e {1,1,2,3,5,8,13,...}
@ this definition is off by one from the usual definition

McGregor, Rowell In Search of Combinatorial Fibonacci Identities



Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile an (1 x n)-board with 1 x 1 squares
and 1 x 2 dominoes is f,
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile an (1 x n)-board with 1 x 1 squares
and 1 x 2 dominoes is f,

@ 1 way to tile the 0-board.
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile an (1 x n)-board with 1 x 1 squares
and 1 x 2 dominoes is f,

@ 1 way to tile the 0-board.
@ 1 way to tile the 1-board.
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile an (1 x n)-board with 1 x 1 squares
and 1 x 2 dominoes is f,

@ 1 way to tile the 0-board.
@ 1 way to tile the 1-board.

Tiling ends in a square

Tiling ends in a domino
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Background

Some Vocabulary

@ An n—board has n cells.
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Background

Some Vocabulary

@ An n—board has n cells.

@ Atiling has a fault at cell mif there is not a domino
beginning in that cell.
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Background
Some Vocabulary

@ An n—board has n cells.

@ Atiling has a fault at cell mif there is not a domino
beginning in that cell.

Forn,k > 1, foik = ffe + fo1fk_1
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Background

Lucas Numbers
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Background

Lucas Numbers

@ Defined Recursively:

Ly=2, L1 =1
L= Ln—1 + I—n—2
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Background
Lucas Numbers

@ Defined Recursively:
Ly=2, L1=1
Ln = Ln—1 + I—n—2

@ {2,1,3,4,7,11,18,...}
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile a circularn—bracelet with bent1 x 1
squares and 1 x 2 dominoes is L,
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile a circularn—bracelet with bent1 x 1
squares and 1 x 2 dominoes is L,

The proof is similar except that there are two ways to tile the
0-bracelet.
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Background
Combinatorial Interpretation

Theorem (Benjamin, Quinn)

The number of ways to tile a circularn—bracelet with bent1 x 1
squares and 1 x 2 dominoes is L,

The proof is similar except that there are two ways to tile the
0-bracelet.
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Background

A Useful Identity

Theorem (Benjamin, Quinn)
Forn>2,L, =1+ f_o
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Background
Zeckendorf Representations

Theorem (Zeckendorf)

For n € N there exists a unique sequence {aj}j"i 1 € N such that
a1 > a +1and

M
n= Z faj.
j=1

Where the sum is called the Zeckendorf Representation of n.

v
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Background
Zeckendorf Representations

Theorem (Zeckendorf)

For n € N there exists a unique sequence {aj}j"i 1 € N such that
a1 > a +1and

M
n= Z faj.
=1

Where the sum is called the Zeckendorf Representation of n.

v

We seek Combinatorial Proofs of Zeckendorf Representations.
In particular of numbers like fofy, 2fafy, Lnfi, LnLk.
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Results

A Useful Lemma

Forn>2,m>1,n>m

fn72fm - fnf1 fmf1 = (_1 )mfn—m
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Results

A Useful Lemma

Forn>2,m>1,n>m

fn72fm - fnf1 fmf1 = (_1 )mfn—m

How many ways can we tile an (m + n — 2)—board such that
there is a fault at n — 2 but there is not a faultat n — 1?
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Results

Proof Idea

fn—zfm - fn—1 fm—1 = (_1 )mfn—m
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Results
Proof Idea

fn—2fm - fn—1 fm—1 = (_1 )mfn—m

@ Call the set of tilings with the fault at n — 2 A and and the
faultatn—1 B.
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Results
Proof Idea

fn—2fm - fn—1 fm—1 = (_1 )mfn—m

@ Call the set of tilings with the fault at n — 2 A and and the

faultat n—1 B.
@ Condition on the number of dominoes on each side of the
fault.
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Results
Proof Idea

fn—2fm - fn—1 fm—1 = (_1)mfn—m

@ Call the set of tilings with the fault at n — 2 A and and the

faultat n—1 B.
@ Condition on the number of dominoes on each side of the
fault.

@ Realize for most cases the size of the tails is the same for
A and B. Cancellation yields the result.
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Results
Proof Idea

fn—2fm - fn—1 fm—1 = (_1)mfn—m

@ Call the set of tilings with the fault at n — 2 A and and the

faultat n—1 B.
@ Condition on the number of dominoes on each side of the
fault.

@ Realize for most cases the size of the tails is the same for
A and B. Cancellation yields the result.

@ If mis even, A has one more member than B and vice
versa.
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Results
A Picture to Convince You
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Results

A Picture to Convince You

Faultat n—2

n-2i-1 cells m-2i-2 cells

[[ _idominoes | idominoes

one square

Fault at n — 1

n-2i -1 cells m-2i-2 cells

[ | idominces | idominoes | | ]

one square
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Results

A Picture to Convince You

Faultat n—2

n-2i-1 cells m-2i-2 cells

[[ _idominoes | idominoes

one square
Faultat n—1
n-2i -1 cells m-2i-2 cells
[ [ idominces | idominces | | ]
one square
Faultat n—2
n-2i-1 cells m-2i-3 cells
i dominoes i dominoes
one domino one square
Faultat n —1
n-2i-1 cells m-2i-3 cells
i dominces i dominoes
one square one domino
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Results

What can we prove with this?

Forn—2 > 2k > 1

LokLn = foyok + fryok—2 + fook + fn_ok—2
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Results

What can we prove with this?

Forn—2 > 2k > 1

LokLn = foyok + fryok—2 + fook + fn_ok—2

@ Rewrite as:

fnfok—2 — (fayok — fafok) + fo_ofok—o — (Ffoyok—2fn—2fok)
= fh_ok + f_ok—2
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Results

What can we prove with this?

Forn—2 > 2k > 1

LokLn = foyok + fryok—2 + fook + fn_ok—2

@ Rewrite as:

fnfok—2 — (fayok — fafok) + fo_ofok—o — (Ffoyok—2fn—2fok)
= fh_ok + f_ok—2

@ Use the above lemma twice, let m — 2k and
m—2k,n— n— 2.

Ol
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Results

Similarly

McGregor, Rowell In Search of Combinatorial Fibonacci Identities



Results

Similarly

fokLn = foyok + fo—2k
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Results

Similarly

fokLn = foyok + fa—2k

@ Using a trick about off by every other fibonacci sums gives
you odd cases of above theorems.
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Results
Similarly
fokLn = fyok + fr—2k

@ Using a trick about off by every other fibonacci sums gives you
odd cases of above theorems.

@ Thinking about fox L, yields ZR for fmfoxLp, fnlokLn, LmLok L.
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Results
Similarly
fokLn = fyok + fr—2k

@ Using a trick about off by every other fibonacci sums gives you
odd cases of above theorems.

@ Thinking about fox L, yields ZR for fmfoxLp, fnlokLn, LmLok L.
OPEN PROBLEMS:
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Results
Similarly
fokLn = fyok + fr—2k

@ Using a trick about off by every other fibonacci sums gives you
odd cases of above theorems.

@ Thinking about fox L, yields ZR for fmfoxLp, fnlokLn, LmLok L.
OPEN PROBLEMS:

@ Do the above in a single map.

McGregor, Rowell In Search of Combinatorial Fibonacci Identities



Results
Similarly
fokLn = fyok + fr—2k

@ Using a trick about off by every other fibonacci sums gives you
odd cases of above theorems.

@ Thinking about fox L, yields ZR for fmfoxLp, fnlokLn, LmLok L.
OPEN PROBLEMS:

@ Do the above in a single map.

@ What about 2k + 1?
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