
Hyperpath Relaxations for Signaling Pathway Analysis
Nicholas Franzese1,2, Barney Potter1,2, Adam Groce1, James Fix1, and Anna Ritz2

1Mathematics Department, Reed College, Portland, OR, USA
2Biology Department, Reed College, Portland, OR, USA

Motivation

Ligand

Receptor

Transcription
Factor

Signaling pathways are series of reactions that
are typically initiated by an extracellular ligand
to a membrane-bound receptor, culminating
in altered expression of a set of target
genes. Pathways are commonly represented
as graphs, which offer elegant algorithms for
analyzing signaling pathways but fail to capture
many-to-many relationships among molecules
in signaling reactions [4]. We recently

presented a shortest path formulation posed on directed hypergraphs, which
capture many aspects of signaling hypergraphs [5]. However, it offered a strict
and restrictive definition of connectivity that limited applicability to real-world
signaling pathways.

Contributions

We extend a mixed Integer Linear Program (mILP) that achieve hyperpath
relaxations in the following ways:
1. We allow simple cycles in shortest hyperpaths that capture feedback loops.
2. We allow plausible “source” nodes that are not specified in advance.
We apply these relaxations to hypergraphs built automatically from pathway
databases [1-3].

Related Work & Hypergraph Notation
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A directed hypergraph H = (V ,E) consists of a set V of nodes and a set E of
hyperedges, where a hyperedge e = (Te,He) is an ordered pair of node sets
T ,H ✓ V (Panel A). Nodes may represent proteins, small molecules, complexes,
or other pathways. A node s 2 V is B-connected to a node t 2 V in a recursive
fashion, with the intuition that t is reachable from s only if it can be “produced” by
a series of reactions starting with s (Panel B). Previous work designed a mILP to
solve the NP-hard shortest s-to-t B-hyperpath that contains no cycles (Panel
C) [5]. Introduce binary variables “active” ↵v for every node and ↵e for every
hyperedge.

min
X

e2E

↵e s.t. Minimize the number of active hyperedges

8 v 2 V \{s} : ↵v 
X

e:v2He

↵e Active nodes must have an active incoming hyperedge

8 e 2 E :
X

v2Te

↵v � |Te|↵e All nodes in the tail of an active hyperedge must be active

8 e 2 E :
X

v2He

↵v � |He|↵e All nodes in the head of an active hyperedge must be active

↵t = 1 The target node must be in the solution.

This formulation, along with a topological ordering constraint to prohibit simple
cycles (Panel D), provably returns the shortest s-to-t acyclic B-hyperpath.

Hypergraph Example

PP2A
CSNK1A1

AMER1

APC

Degradation of 
beta-catenin by

 destruction complex

Formation of the 
beta-catenin:TCF

transactivating complex

CTNNB1PP2A

CSNK1A1AMER1

APC

GSK3BAXIN
p

ATPADP

WNT

LRP5/6

FZD

DVL

AXIN GSK3B

p

ATPATP ATPADPATPATP

Nucleoplasm

Cytosol

Plasma Membrane

CSNK1G2

Reactions in Reactome

WNT

LRP5/6

FZD

DVL

WNT

LRP5/6

FZD

DVL

AXIN GSK3B

Pathway

ATP Protein or
Small Molecule

Complex

p Phosphorylation

Regulation of
Hyperedge

Cellular
Compartment

Hyperedge

CTNNB1PP2A

CSNK1A1AMER1

APC

GSK3BAXIN

WNT

LRP5/6

FZD

DVL

AXIN GSK3B

pp

AXIN GSK3B

Wnt-mediated 
activation

of DVL

CTNNB1

Algorithms
(E) B-hyperpath Containing a Cycle

s t s t

(F) Adding Cheat Hyperedges

1. Allowing simple cycles using a flow-based series of linear constraints (Panel
E). Intuitively, we need to ensure that there exists some simple path that
connects s and t . Introduce flow variables fe 2 [0, 1] for every hyperedge, and
add the following constraints:

1.1 Outgoing flow from s and incoming flow to t must equal one.
1.2 The flow fe for hyperedge e must be less than or equal to the incoming flow

from hyperedges into the tail nodes Te. These balance-like constraints handle
the fact that a hyperedge flow fe travels through many head nodes He

1.3 Only active edges (e.g. where ↵e = 1) can have positive flow fe.
2. Adding plausible “source” nodes by augmenting the original hypergraph H

(Panel F). Define H0 = (V ,E [ C) from the original hypergraph H by adding a
set C of “cheat” hyperedges that contain a single node in the tail:

C =
n

�{v},He
� 8 v 2 Te; e 2 E where |Te| > 1

o

These “cheat” hyperedges are penalized in the objective, but allow nodes in the
tail of hyperedges to be ignored in the B-connectedness constraint. We bound
the number of cheats allowed in the solution.

Preliminary Results

WLS recycling loop in the shortest
B-Hyperpath from a super source to SNX3.

Shortest hyperpath from WNT3A
to nuclear �-catenin from

NCI-PID [6] using three cheats (red).
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Comparison to Graph Representations

Reactome Signaling Pathways [3] (via PathwayCommons [1]
Search Term WNT5A CTNNB1 WNT ALL

# Pathway Hits 16 41 125 2,148
Directed Hypergraph # Nodes 225 401 850 12,559

# Hyperedges 91 168 407 6,398
Graph with Complexes # Nodes 225 401 850 12,559

# Edges 298 559 1,327 22,815
Standard Graph # Nodes 578 1,034 1,886 19,281

# Edges 44,785 126,022 148,578 1,266,285
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Future Work
In future work, we plan to integrate gene expression data from cancer studies
to identify dysregulated sub-hypergraphs. While the returned structures are not
necessary hyperpaths, they will be critical for exploring dysregulated signaling.
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